Abstract-The level crossing rate (LCR) and the average outage duration (AOD) are two important second order statistics that allow a deeper understanding of the behavior of the channel. In this paper, we study these metrics in order to assess the performance of free space optical (FSO) communication links in the presence of weak atmospheric turbulence and rice-induced pointing errors. More specifically, we derive an integral and a Gauss-Laguerre quadrature representation for both the LCR and the AOD in the single hop case and for their respective bounds in the multihop case. Selected numerical simulations are presented to show the accuracy of the derived results and to study the effect of certain system parameters on these two performance metrics.
the packet error rate (PER) [4] - [5] . Second-order statistics are also more meaningful when analyzing the performance of a communication system in a cellular environment with co-channel interference where the AOD is more important than the probability of outage itself [6] . In [4] , the authors derived the expression of the LCR for a multi-antenna system employing maximum ratio combining (MRC) in the presence of additive white Gaussian noise and co-channel interferers with unequal received powers and Doppler shifts. The LCR expressions were obtained for both spatially uncorrelated and correlated MRC systems. The authors have investigated, in [7] , the PER of interference-limited mobile packet systems using the Markov model for infinitesimal interval and finite-time interval. The state and state transition probabilities of the Markov chains, used to model the time-varying signal-tointerference ratio (SIR) over frequency-selective fading channels, are obtained from both the LCR and AOD of the SIR. The PER analysis can be carried out for both the cellular communication systems and ad-hoc mobile networks. In [8] , the authors derived expressions for the LCR and the AOD for well-known multipath fading models such as Rayleigh, Rice, and Nakagami. They showed that these theoretical expressions present a reasonable fit compared to the measured data. Using Laplace approximation method, Krstić et al. determined the LCR expression of the ratio of product of two κ − μ random variables and Nakagami-m random variables [9] . They also investigated the effect of the fading parameters on the LCR of a wireless relay communication system with two sections operating over κ − μ multipath fading environment in the presence of cochannel interference subjected to Nakagami-m fading. In [10] , the authors derived the second order statistics, i.e. the LCR and the AOD, of the received signal envelope and the channel capacity under Inverse Gaussian and Nakagami-Inverse Gaussian fading distributions. They have studied the impact of the distribution parameters on the derived metrics in the context of radio frequency as well as free space optical (FSO) communication systems. Novel exact integral expressions for the LCR and the AOD of κ − μ shadowed fading channels are derived in [11] . The derived expressions provided an accurate representation of the second order statistics of the shadowed fading of empirical data collected for cellular D2D and bodycentric fading channels. Analytical expressions of the LCR and the AOD for the maximal ratio combining (MRC) diversity operating on: (i) non-identical Rayleigh and (ii) independent and identical Ricean were derived in [12] . The authors also presented accurate approximations for both cases in the equal gain combining (EGC) diversity scheme. Yang et al. provided closed-form expressions for the AOD of multihop regenerative communication systems over Rayleigh, Nakagami, or Rician fading in [13] . Two type of systems were studied: (i) noise-limited, and (ii) interference-limited systems. In [14] , Velkov et al. studied the second order statistics of the amplify-and-forward multihop Rayleigh fading channel. Using the multivariate Laplace approximation theorem, they derived closed-form approximations for the LCR and the AOD. In this work, we derive integral and Gauss Laguerre expressions for the LCR and the AOD of FSO systems in the presence of weak turbulence and under the assumption that the pointing error has non-zero boresight. We also provide bounds for the LCR and AOD in the multihop case.
The reminder of this paper is organized as follows. We start by describing the system model in Section II. We then derive, in Section III, exact integral expressions for the LCR and AOD in our particular set-up. We also give a Gauss-Laguerre quadrature representation for the computation of the LCR. In Section IV, we show some selected numerical simulations to show the accuracy of our approach compared to Monte Carlo (MC) simulations and to investigate the effect of some of the system parameters on both metrics. Finally, the paper ends with a summary of the main results.
II. SYSTEM MODEL
In this work, we consider a composite fading model where the fading h can be expressed as h = h l h a h p . The path loss h l is assumed to be equal to unity, the random processes h a and h p represent the turbulence fading and the pointing errors, respectively, and are assumed to be independent.
A. Pointing Errors
Pointing errors are errors due to the misalignment between the transmitter and the receiver. Let z be the distance between the transmitter and the detector, and we assume that the detector is circular with an aperture radius a, as shown in Fig. 1 .
We consider the complex representation of the displacement as
where x(t) and y(t) are respectively, the horizontal and vertical displacement of the beam in the detector plane. We assume that x and y are independent, and that they have a normal distribution with the same variance σ 2 and different means μ x and μ y , respectively [15] . Therefore, for a fixed t, the radial displacement r(t) = x(t) 2 + y(t) 2 follows a Rice distribution
where s 2 = μ From [17, Sec. 6 .6], we know thatẋ is also Gaussian with probability density function (PDF) 
where Γ and Ω are the damping coefficient and the resonance frequency, respectively. In this case, 
Assuming that the transmitter and the receiver plans are parallel and that the laser beam is perpendicular to the receiver area, the expression of the pointing error loss factor can be approximated by [19] as
as long as wz a > 6, where w z is the beamwidth, w zeq is the equivalent beam width and A 0 is the fraction of the collected power at r = 0. In this case, the distribution of h p is [19] 
where γ = wzeq 2σ .
B. Atmospheric Turbulence
Several models are proposed in the literature to describe the atmospheric turbulence. These models are based on the PDF of the fluctuation of light intensity or irradiance. The lognormal probability density function is the most common distribution, used in the case of the weak turbulence regime [20] . Therefore, the PDF of h a is given by [19] 
where σ 2 R is the Rytov variance for a plane wave and the mean is given by
C. Multihop Relaying
The coverage distance of FSO links is quite limited since these links are severely harmed by a path loss. To increase the coverage of these links and enhance their reliability, multihop relaying, where the signal is transmitted by means of intermediate terminals, can reduce the effect of shadowing [21] and enable high data rate transmission [22] . In this section, we consider amplify and forward multihop relaying, which involves the harmonic mean of the instantaneous signal-tonoise ratio of the hops. More specifically, We consider a multihop with N FSO links in cascade for which h a,i is modeled as a lognormal RV, for i = 1, . . . , N, with PDF
where
2 and for i = 1, . . . , N, we have
Now, we assume that each fading channel h i can be written
. , N, and let H be defined as
III. LCR AND AOD COMPUTATION
The LCR L H (·) and the AOD T H (·) are two important second order statistics that describe the random process behavior. In fact, the LCR represents the average number of crossings of the signal above a certain threshold h 0 per unit of time and is defined as [18 
The AOD is the average duration during which the signal stays below a certain threshold h 0 and its expression is given by [18, Eq. (2-75)]
In the remainder of this section, we will be interested in determining the LCR and the AOD of H. The CDF of H presents a lower bound for the outage probability of the multihop system (see [23] and Section IV of [24] for more details on how to obtain this lower bound).
are lognormal RVs, then H a is also a lognormal RV with PDF
As for H p , we can re-write its expression as
and
are 2N independent Gaussian RVs with mean μ x,i or μ y,i and with unit variance, then the RV R has a non-central chi-squared distribution
where 
Given
,Ṙ is a linear combination of N independent Gaussian RVs and thus it is also a Gaussian RV. From [11] and [25] , we know that r i andṙ i are independent andṙ i is a zero mean Gaussian RV. Since we are assuming that x i and y i are independent and both have the same variance σ 2 , then we have σ
. Thus, the variance ofṙ i is given by σ
, the mean and variance ofṘ is given by
Therefore, we can write
Since f RṘ (R,Ṙ) = f (Ṙ|R)f R (R), then using (18) and (22) we have
Proposition 1: The joint distribution of H and its time derivativeḢ is given by (24) , as shown at the bottom of the next page.
Proof: See Appendix A. With the expression of f HḢ (H,Ḣ) at hand, the expression of the LCR is given by Proposition 2.
Proposition 2: The LCR is given by (25) , as shown at the bottom of the next page.
Proof: See Appendix B. The expression of F H (h 0 ) is given by the following corollary Corollary 1: The CDF of H is given by (26) , as shown at the bottom of the next page.
Proof: See Appendix C. Using Gauss-Laguerre quadrature [26, Eq. (22.2.13)], we can approximate the value of LCR in (25) and (15) by 
and the weight w i is given by [26, Eq. (25.4.45)]
A special case is when N = 1 which corresponds to a single hop FSO system. The following corollary give the expressions of f hḣ (·), the LCR as well as the CDF of h. 
Corollary 2:
For the single hop case (N = 1), the joint distribution of h and its time derivativeḣ is given by (30), as shown at the bottom of the page 6, the LCR is given by (31), as shown at the bottom of the page 6, and the CDF of h is given by (32), as shown at the bottom of the page 6.
IV. NUMERICAL SIMULATIONS
In this section, we investigate the accuracy of the derived results for both the LCR and the AOD by means of MC simulations. A number of samples M = 10 7 has been used to obtain the numerical results. Unless stated otherwise, we consider a dual-hop system, i.e. N = 2.
We investigate the behavior of the LCR as function of the level h 0 and for different values of the damping coefficient and resonance frequency in Figures 2 and 3 . In fact, we consider a fixed value of the resonance frequency Ω = 4 and we plot the LCR for different values of the damping coefficient Γ in Fig. 2 . The case Γ = 0 correspond to an oscillatory autocorelation model. The effect of the resonance frequency on the LCR for a fixed damping coefficient Γ = 1.5 is plotted in Fig 3. An exponential decay autocorrelation model is assumed when Ω = 0. We can see that in both plots, the LCR reaches its maximum around the mean value of the process as observed in similar studies done in different context. We studied the effect of the resonance frequency and the damping coefficient on the Figures 4 and 5 . In all these plots, we can see that the derived results match the numerical result obtained using MC simulations. In Fig. 6 , we plotted the LCR for Ω = 2 and Γ = 1.5 while varying the number of quadrature points in the Gauss-Laguerre representation. As we can see, as n increases, the representation becomes more accurate and we can see that a relatively small number n = 40 is sufficient to give a good approximate for the LCR.
AOD in
In Fig.7 (respectively Fig. 8 ), we plot the LCR (respectively the AOD) as function of the level h 0 for different fading environments (i.e. different values of the parameter s). We can see that for low levels h 0 , the LCR is higher as the value of s is larger, whereas for high levels h 0 , the LCR increases as s becomes smaller. For high levels of h 0 , the AOD of channels with higher values of s is higher than the channels with smaller values of s. The effect of increasing the number of hops on the LCR is studied in Fig. 9 . We can see that as the number of hops N increases, the LCR curves are shifted to the right. We also can see that the shape of the LCR is widened for larger values of N . Similarly, the AOD of the channels, using the same parameters as in Fig. 9 , is depicted in Fig. 10 . We note that the AOD curves are monotonically increasing with the level h 0 . Also, the AOD tends to increase with the number of hops.
In this work, we have introduced an integral and a GaussLaguerre representation for the LCR and the AOD of FSO links subject to weak turbulence and in the presence of Rice induced pointing errors. The proposed approach simplified the triple integral expression of the LCR to a finite sum, resulting in a simpler and a faster evaluation of the LCR. We have also provided bounds for the LCR and AOD of the mutihop case. Using these results which were validated with MC simulations, we have investigated the effect of the resonance frequency, the damping coefficient of the radial displacement as well as the number of hops on both the LCR and the AOD.
APPENDIX A PROOF OF PROPOSITION 1
Proof: First, we start by recalling the expression of R as function of
Differentiating w.r.t t, we geṫ
Using the Jacobian, the joint PDF of H p andḢ p can be expressed as function of the joint PDF of R andṘ [27, Chap. 5]
With the expression of the joint PDF of R andṘ in (23), we can derive the joint PDF of
The joint distribution of H a andḢ a is [28] f
where β = (2πσ c ) 2 and σ c is related to the 3-dB cutoff frequency according to f c = 2 log(2)σ c . The joint PDF of H andḢ is derived using the following expression [29] f HḢ (H,Ḣ)
We start by integrating w.r.tḢ a 
Therefore, we get
(A.10)
Performing the change of variable y = log
Ha H , we get the desired result.
APPENDIX B PROOF OF PROPOSITION 2
Proof: We recall the expression of the average LCR
In order to be able to interchange the order of integration, we need to show that the integral w.r.tḢ then w.r.t y is convergent. We start by computing the integral w.r.tḢ to get
Therefore, we need to show that the integral
is convergent. 
